HOMOLOGY OF SL„ AND GL n OVER AN INFINITE FIELD 



B. MIRZAII 

Abstract. The homology of GL n (F) and SL„(J ? ) is studied, where 
F is an infinite field. Our main theorem states that the natural map 
H4(GLs(F), k) — > H±(Gh4,(F),k) is injective where k is a field with 
char(fc) 7^ 2, 3. For algebraically closed field F, we prove a better result, 
namely, # 4 (GL 3 (F), Z) -> H 4 (GL 4 (-F),Z) is injective. We will prove 
a similar result replacing GL by SL. This is used to investigate the 
indecomposable part of the A"-group Ki(F). 



1. Introduction 

In the beginning of the 1970's two type of -fT-groups in algebra appeared: 
Quillen's -KT-groups and Milnor's -KT-groups. For a field F, Quillen defined 
the -ftT-group K n (F) as the n-th homotopy group of the space BGL(F) + and 
Milnor defined the -RT-group K™{F) as the n-th degree part of T(F*)/{a <g> 
(1 — a) : a £ F*-{1}), where T(F*) := Z © F* © F* <g> F* © • • • is the tensor 
algebra of F*. There is a canonical ring homomorphism K^(F) — » K*(F), 
therefore a canonical homomorphism K^f{F) — > K n (F). On the other hand, 
the Hurewicz theorem, in algebraic topology, relates homotopy groups to 
homology groups, which are much easier to calculate. This in turn provides 
a homomorphism from K n {F) to the n-th integral homology of the stable 
group GL(F). 

One of the important approaches to investigate X-groups is by means 
of their relation with integral homology groups of GL(F) and Milnor K- 
groups. Suslin's stability theorem states that for an infinite field F the 
natural map fl;(GL n (F), Z) -» #;(GL(F),Z) is bijective if n > i [12]. Using 
this Suslin constructed a map from if n (GL n (F), Z) to Milnor's K n -group 
K^(F), denoted by s n , such that the sequence 

H n (GL n ^(F),Z) H ^ C) H n (GL n (F),Z) K^f(F) — > 

is exact. Combining these two results he constructed a map from K n (F) to 
K^(F) such that the composite homomorphism 

coincides with the multiplication by (— l)" _1 (n — 1)! |12[ Sec. 4]. 

Now one might ask about the kernel of H n (mc) in the above exact se- 
quence. In this direction, Suslin posed a problem, which is now referred to 
as 'a conjecture by Suslin' (see jEl 4.13] and 7.7]). 
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Injectivity Conjecture. For any infinite field F the natural homomor- 
phism 

H n (mc) : H n (GL n ^(F), Q) - ff n (GL n (F), Q) 

is infective. 

This conjecture is easy if n = 1, 2. For n = 3 the conjecture was proved 
positively by Sah jlUj and Elbaz- Vincent ,61. The conjecture is proven in 
full for number fields _3J. The proof of this conjecture for n = 4 is the main 
goal of this paper (Theorem I5.6|) . 

Here we take a general step towards this conjecture. We show that up 
to an induction step, the above conjecture follows from the exactness of a 
certain complex. Let 

P n := H n (inc) : H n (GL n -i(F), Q) H n (GL n (F),Q) 

and let Q n be the complex 

H n (F* 2 x GL n _ 2 (F),Q) % H n (F* x GL n ^(F),Q) 

% F„(GL n (F),Q)^0, 

where = il n (inc) and = H n (a) — H n (mc), 

a:F* 2 x GL n _ 2 (-F) -» F* x GL n _i(F), diag(a, b, A) diag(6, a, A). 

Proposition. Lei F 6e an infinite field. If Q n is exact and if F n __ 2 and 
P n -i are injective, then P n is injective. 

The proof follows from a careful analysis of some spectral sequences, con- 
necting the homology of the groups F* p x GL n _ p (F) for different values of p. 
One of the main ingredient in the proof of this proposition is a construction 
of an explicit map from K*f(F) to -ff n (GL n (F), Z), denoted by v n (this was 
only known for n = 2). This construction fits in our previous theory, that 
is, the composite homomorphism 

K M {F) Hn (GL n (F),Z) K™(F) 

coincides with the multiplication by (— l) n_1 (n — 1)!. As we mentioned 
above, there is a homomorphism from K^f(F) to H n (GL n (F), Z) that fac- 
tors through K n (F), denoted by h n . We don't know whether these two 
maps coincide. 

Here are our main results. 

Theorem. Let F be an infinite field. 

(i) The complex 

H 4 (F* 2 x GL 2 (F),Z) Hi(F* x GL 3 (F),Z) F 4 (GL 4 (F),Z) -» 
is exact. 

(ii) Let k be a field with char (A;) ^ 2, 3. Then 

# 4 (inc) : H 4 (GL 3 (F),k) -> F 4 (GL 4 (F), fc) 
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is injective. 

(iii) If F is algebraically closed, then 

tf 4 (inc) : F 4 (GL 3 (F),Z) -» F 4 (GL 4 (F),Z) 

is injective. 

Also we show that a similar result as in part (ii) and (iii) of the above 
theorem is true if we replace GL with SL. As an application we will study 
the indecomposable part of K^{F). Namely we will prove that for an al- 
gebraically closed field F, K 4 (F) ind := coker (K ^ (F)^K 4 (F)) embeds in 
ff 4 (SL 3 (F),Z). 

Here we establish some notation. In this note, by Hi(G) we mean the 
i-th integral homology of the group G. We use the bar resolution to define 
the homology of a group @J Chap. I, Section 5]. Define c(gx,g2, ■ ■ ■ ,g n ) = 
E (Je s n si g n ( cr )bo-(l)b -(2)l---b ( 7(n)] G H n (G), where g { G G pairwise com- 
mute and S n is the symmetric group of degree n. By GL ra and SL n we mean 
GL n (F) and SL n (i ? ), where F is an infinite field. Note that GLo is the 
trivial group and GLi = F* . By F* m we mean F* x • • • x F* (m-times) or 
the subgroup of F* , {a m \a G F*}, depending on the context. This shall not 
cause any confusion. The i-th factor of F* m = F* x • • • x F* , (m-times), is 
denoted by F* . 

2. Homology of SL n 
The action of F* on SL n defined by a. A := ( ^ n ] A 



v 1 J \ 1 
induces an action of F* on i?j(SL n ). In this article by i?j(SL n )f * we simply 
mean Hq(F *, i?j(SL n )). It is easy to see that the natural map SL^ — ^ SL 
induces a map of homology groups Hi(SL n )p* — > fZj(SL). 

The map 5 : GL — » SL given by M h | det(M) 0^ \ j nc ^ uceg 
a homomorphism Hi{5) : ffj(GL) — » ilj(SL) such that the composition 

fli(SL) ^ fli(GL) ^7 fli(SL) is the identity map. Therefore flj(SL) 
embeds in Hi(GL). 

Lemma 2.1. (i) Hi(SL n )p* ~ iJj(SL) /or n > i. In particular if F is 
algebraically closed, then Hj(SL n ) ~ flj(SL) /or n > i. 

(ii) Let A := Z[— r] and let q < n — 1. Then for p > f/ie map 

ff p (F*,fr,(SL n _i,A)) -> H p (F* , H q (SL, A)), 

induced by the map of pair (id, inc) : (F*,SL n _i) — > (F*,SL), is isomor- 
phism. 

Proof. The part (i) is rather well known (see jlUl 2.7]). 

(ii) If q = 0, then the claim is trivial. So let q > 1. The short exact sequence 
1 -> W - F* F*™" 1 -> 1 
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gives us the Lyndon-Hochschild-Serre spectral sequence 

8l s = H r (F* n ~ x , H a {nn-x,Fi T)) =► H r+S {F*,T), 

where T = iT g (SL n _i, A). Since the order of fJ, n ~i,F is invertible in A, 
H s (/j n - ltF ,T) = for s > 1 @| 10.1]. Thus £* 8 = for s > 1. The 
action of F* n_1 on n n -i t F and T is trivial, so £q = iJoO^n-l.-Fj ^) = 
Ho(fj, n -i t F, iJ g (SL n _i, A)). Prom this and (i) one deduces that 

^0 ~ flb(/in-l,F,flff(SL n -l,A)) ~ HoCi^.flgCSLn-!^)) ~ ff 9 (SL,A) 

and therefore £™ ~ £ r 2 = H r {F* n ~ l , H q (SL, A)). An easy analysis shows 
that 

H r (F* n ' 1 , H q (SL, A)) ~ H r (F*, H q (SL n _i, A)). 

Once more from the short exact sequence 1 — > F*"' 1 — > F*^F* / F* 11 ' 1 — > 1 
one gets the Lyndon-Hochschild-Serre spectral sequence 

< s = H r (F*/F* n -\H s (F* n -\S)) => H r+S (F*,S) 
where 5 = iT g (SL, A). It is easy to see that £ /2 . s = for r > 1 and 

- ^ 'o,. = H (F*/F* n -\H s (F* n -\ S)) = H s (F* n ~\H q (SL, A)). 

This implies that ^(F* 71 ' 1 , H q (SL, A)) ~ H S (F* , H q (SL, A)). Hence for 
r > and g < n — 1, 

flrCF*, flg(SL n _i, A)) ~ H r (F*,H q (SL, A)). 

It is not difficult to see that this isomorphism is induced by the map of pair 
(Q n ~ jinc) : (i ? *,SL n _i) — > (i ? *,SL). In a similar way, one can prove that 
the map of pair , inc) : (i ? *,SL) — > (i ? *,SL) induces the isomorphism 

tf r (F*,tf ? (SL,A)) ~ H r (F* , H q (SL, A)). 

Applying the functor i7. r to the commutative diagram 

(id, inc) 

(-F*, SL n _i) ► (F*,SL) 

j(id,ine) |(0 n_1 4no) 

(-F*, SL n _i) ► (F*,SL) 

gives us the isomorphism that we are looking for. □ 
Lemma 2.2. (i) If A := Z[^j], ffcen 

im(^ n (GL n _!, A) - tf n (GL„, A)) n F„(SL„, A) F . 

= im(H n (SL n _ 1)J 4)jr. -> #„(SL n , A)jr.). 

(ii) If F is algebraically closed, then 

im(i?„(GL n _ 1 ) - ff n (GL n )) ntf n (SL n ) = im(ff n (SL n _i) -> ff„(SL n )). 
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Proof. To prove (i) consider the associated Lyndon-Hochschild-Serre spec- 
tral sequence of the diagram of extensions 

1 — ► SL n _i — > GL n _i — ► F* — > 1 

\* \* \r 

1 — ► SL — ► GL — > F* — ► 1. 
From this we obtain a map of spectral sequences 

Epq = H p (F*, H q (SL n -i, A)) =>■ Hp+ q (GL n -i, A) 

I I 

E a M = H r (F',H,(SL,A)) =* /WGL.A). 

By Lemma 12. II for q < n — 1, 

= H p (F*,H q (SL n - 1; A)) ~ H P (F* , H q (SL, A)) = E'\^ 

which is induced by the pair (id,inc) : (F*,SL n _i) — ► (F*,SL). 
The spectral sequences give us a map of nitrations 

= F-i C F C • • • C F n _! C F n = H n (GL n -i,A) 

= FU C Fq C...C F,^ C F^ = H n (GL,A), 
such that Ef n _ i ~ Fj/Fj_i, E'\ n _ i ~ The commutative diagram 

— Fi_ a — > F — > F-_, — > 

>L "l* >l* 

— ► ^i'-i — ► ^/ — ► ^'i^i-i — > 

implies that im(F -> i^') H F/_ x = im(F„i -> F/^), for 1 < i < n - 1. 
From this we obtain im(F n -» F^) n F^ = im(F -> F^). Since H n (SL, A) -» 
F n (GL,74) is injective, Fq = F' 0n = F n (SL,^4). In a similar way one 
obtains Fq = Fq ^ = i! n (SL n _i,yl)_F*/r. It is easy to see that the map 
Fq — > Fq is induced by the natural map SL n _i — > SL and so 

T C ker(ff n (SL n _i, A) F . -> £T n (SL,A)). 
This completes the proof of (i). The proof of (ii) is analogue to (i). □ 
Theorem 2.3. (i) If B := ^[r^w], then 

#n(SL n _i, B)p* - ff„(SL n , 5)jr. -> Kff(F) ®B^0 

zs exact. 

(ii) 7/F is algebraically closed, then 

F n (SL n _!) -» tf n (SL n ) - F/f (F) -> 

is exact. 

Proof, (i) Consider the commutative diagram 

H n {$L n _ l ,B) F , — » F n (SL n ,F) F , — » K™(F)®B — 

H n (GL n _!,F) — > tf n (GL n ,F) — > F* f (F) 5 — > 0. 
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Note that the second row in the above diagram is exact. Suslin's map 
s n : H n (GL n ) — > K^f (F) has the property that the composition K^ 1 (F) — > 
K n (F) -» H n (GL n ) -» K^{F) coincides with multiplication by (-l)"" 1 ^- 
1)!. The Hurewicz map K n (F) — > H n (GL n ) factors through H n (SL n )p* ~ 
H n (Sh). Since (n — 1)! is invertible in B = Z[ >_ 1 ^ ! ], the restriction map 

s n : H n (SL n , B)p* — > K^f {F)®B is surjective. The exactness of the complex 
follows from the exactness of the second row of the above diagram and 
Lemma 12.21 

The proof of (ii) is analogue. In this case one should use the fact that for 
an algebraically closed field F, K^f(F) is uniquely divisible 1.2]. □ 

Let K*f{F) -» K n (F) be the natural map from the Milnor ET-group to 
the Quillen K-group. Define ^„(F) ind := coker (K^f (F) -» K n {F)). This 
group is called the indecomposable part of K n (F). 

Corollary 2.4. Let k be a field such that (n — 1)! € k* . Assume H n (mc) : 
i? n (GL n _i, k) — > H n (Gh n , k) is injective. Then 

(i) H n (SL n -i, k)p* — > ^ H n (SL n , k)F* is injective. 

(ii) K n (F) md <g> k embeds in iT n (SL n _i, k)p* and 

F n (SL n _ 1; k) F */K n (F) ind ® fc ~ F n (SL n , k)p* / K n {F) ® k. 

(iii) In i/ n (GL n , fc), K n (F) ® n -ff n (GL n _i, fc) coincides with 

K n (F) ®kn fl^SLn-i, A:)f* = ^n(F) ind ® fc. 

Proof, (i) This follows from the assumptions. 12.31 the commutativity of the 
diagram in the proof of 12.31 and the injectivity of the natural map inc* : 
H n (SLji_i, — > i7 n (GL n _i, fc). For the proof of the injectivity of inc* 
consider the map 7 ra _i : F* x SL n _i — > GL n _i given by (a, A) i— > aA By 
tracing the kernel and cokernel of this map we obtain the exact sequence 

1 -» Mn _ liF — > F* x SL n _! GL n _i -» p* lp* n ~ l _ i. 

From this we get two short exact sequences 

1 -> Mn-l,F -F* x SL n _i -> im(7„__i) -> 1, 

1 -» im( 7n _ 1 ) -> GL n _i -» F*/F* n ~ 1 -> 1. 

Writing the Lyndon-Hochschild-Serre spectral sequence of the above short 
exact sequences (with coefficient in k) and carrying out an easy analysis, 
one gets 

H n (F* x SL n ^,k) F * ~ iJ n (GL n _ a , fc). 

Now by the Kiinneth theorem iif n (SL n _i, fc)^* embeds in iJ n (GL n _i, k), 
which is induced by the natural map inc : SL n _i — > GL n _i. 
(ii) By (i) the complex 

-> # n (SL n _i, A;)f* -> F n (SL n , fc) F . -> K^(F) ® A; -» 
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is exact. By Suslin's construction of a map K n (F) K**(F) [El Section 
4], we have a splitting exact sequence 

-> K n (F) ind ® k^K n (F) ® k^K^(F) ®k^0. 

The claims follow from applying the Snake lemma to the commutative dia- 
gram 

— ► £T n (F) ind ®£: — ► K n (F)®k — >K^(F)®k — >0 



— fl n (SL n _i,fc) F . — tf n (SL m fc) F * — » K™(F)®k — 0, 

where h n is the Hurewicz map K n (F) ® — ► H n (SL,k) ~ H n (SL n ,k)p* 
which is injective Prop. 3, p. 507] and g n = ^n|x' n (j , ) lnd ' ^ 

3. MlLNOR -fT-GROUPS 
We start this section with an easy lemma. 

Lemma 3.1. Let G be a group and let gi, g 2 , h\, . . . , h n € G such that each 
pair commute. Let Ca((hi, • • • , h n )) be the subgroup of G consisting of all 
elements of G that commute with all hi, i = l,...,n. Ifc(gi,g 2 ) = in 
H 2 (Ca({hi, hn))), then c(g x ,g 2 , hi, . . . , h n ) = in H n+2 (G). 

Proof. The homomorphism Ca((hi, . . . , h n )) x (hi, . . . , h n ) — > G defined by 
(g, h) — > g/i induces the map 

H 2 (C G ((h x ,. . . , h n ))) ® tf n ((/n, . . . , /i„)) -» i? n+2 (G). 

The claim follows from the fact that c(gi, g 2 ,hi, . . . ,h n ) is the image of 
c(gi,g 2 ) ® c(/ii, . . . under this map. □ 

Definition 3.2. Let ^4j )n := diag(aj, . . . , Oj, ^ 1 \ in-i) G GL n . We define 
[d, . . . ,a n ] ■= c(Ai <n , . . . ,A nt n) G i? n (GL n ). 

Proposition 3.3. (i) TTie map v n : RM{F) -» H n (GL n ) defined by 

{ai, . . . ,On} i-> [ai, . . . ,a n ] 

is a homomorphism. 

(ii) Lei s n : H n (GL n ) K^ 1 (F) be the map defined by Suslin. Then 
s n o f n coincides with the multiplication by (— l)( n_1 )(n — 1)!. 

Proof, (i) It is well know that the Hurewicz map /12 : K^(F) — K 2 (F) — > 
i^2(GL) is defined by {a, 6} 1— > c(diag(a, 1, a -1 ), diag(6, 1)). It is easy 
to see that in H 2 (GL), [a,b] = c(diag(a, 1, a" 1 ), diag(6, b^ 1 , 1)). The sta- 
bility isomorphism i/2(GL2) — i? 2 (GL) implies that the map K^(F) = 
K 2 (F) —* H 2 (GL 2 ), {a,b} 1— > [a, 6] is well defined. Now by lemma l3~Tl 
[ai, 1 — ai, 03, . . . , a n ] = 0. To complete the proof of (i) it is sufficient to 
prove that 

[01, . . . , a n _ 2 , a n _i, a n ] = — [ai, . . . , a n _2, a n , a n -i\- 
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This can be done in the following way; 
[ai, . . . , a n -2, a n -i, a n ] 

— c(j4i )n , . . . , A n —2,m ^-n— l,rij ^n,n) 

= c(A 1>n , A n _ 2 ,n, diag(a n _i/„_ 2 ) On— l) a n— 1 )>^n,n) 
+c(Ai, ft , . . . , A n _ 2 ,n, diag(I„_ 2 , a~i" _1) , -1 ))^4n,n) 



c(A ljn , . . . , A n _ 2i „, diag(a n _i/„_ 2 , a n _i,a 



-(n-l)s 



n— 1 



diag(a„I„_2,a„ (n 2) ,1)) 
+c(A 1>n3 . . . , A n _ 2 ,n, diag(a n _i 

In—2iO'n—liO' n —\ )■> 

&mg(I n -2,an l ~ 1 \an {n ~ lS> )) 

+c{Ai >n , A n _ 2 ,n, diag(I„_ 2 , a^T^' aj 

= — [ai, . . . , a n _2, an, On-l] 

+c(^i 

,n; • • • , A n ^2,ny diag(7 n _ 2 

diag(I n _2, a n " _1) , a^"" 1 ')) 
+c(A 1>n3 . . . , A n - 2 ,n, diag(a n _iJ„_ 2 , 1, 1), diag(I n _ 23 On , an ( ™ _1) )) 
+c(Ai >n , . . . , ^„_ 2 ,„, diag(/ n _2, a~i™~ 1) , ), diag(I n _ 2 , a n , a^"" 1 ')) 

,71) • • • > ^n— 2,n> diag(/ n _2, a n i™ 1} , a^_^), diag(a n / n _ 2 , 1, 1)) 
= — • • • j a n , a n _i]. 

(ii) Let r n be the composite map K^f '(F) — > K n (F) ^> H n (GL n ). Then 
s n ° T n coincides with the multiplication by (— (n — 1)! |121 section 
4]. It is well known that the composite map K^f(F) ^ H n (GL n ) —> 
H n (GL n ) j ' H n (GL n -i) is an isomorphism and it is defined by {ai, . . . , a n } i— > 
(a\ U • • • U a n ) mod iI n (GL n _i), where 

ai U a 2 U • • • U a„ = c(diag(ai, I n _i), diag(l, a 2 , 4-2), • • • ,diag(/ n _i,o n )) 

(see O Remark 3.27]). Also we know that s n factors as 

H n (GL n ) -> # n (GL n )/ff n (GL n _i) -» K^f(F). 

Our claim follows from the fact that modulo H n (GL n -\) 

[ ai ,...,a n ] = (-l)"- 1 (n-l)!(aiU---Ua n ). 

□ 

4. Homology of GL n 

Let Ci(F n ) and Di(F n ) be the free abelian groups with a basis consisting 
of ((vq), • • • , (vi)) and ((u>o), • • • , (^)) respectively, where every min{Z+l,n} 
of Vi £ F n and every min{Z + 1, 2} of wi € -F n are linearly independent. By 
(v^ we mean the line passing through vectors Vi and 0. Let do : Co(F n ) — > 

c_i(F") := z, Ei«<««0) ~ Ei«i and 3 = Ei^C- 1 )** : c i( pn ) - 

Ci_i(F n ), Z > 1, where 

di(Oo), • • • , (u/))) = Oo), • • • , • • • , (vi)). 
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Define the differential d t = £- =0 (-l)^ : A(^ n ) -> A-l(-F n ) similar to 
d h Set L = Z, M = Z, L[ = Q_i(F n ) and M = A-i(-F n ), * > 1. It is 
easy to see that the complexes 

: <— Lo <— Li <— • • • <— <— • • • 

M* : <- M <- Mi < <- M < 

are exact. Take a GL n -resolution — > Z of Z with trivial GL n -action. 
From the double complexes ®gl„ -f* and M* (8>gl„ P* we obtain two first 
quadrant spectral sequences converging to zero with 



El q {n) 



H q (F* p x GL n _ p ) if < p < n 
H q (GL n , C p -x(F n ) ifp>n + l, 
' H q (F* p x GL n _ p ) if < p < 2 
Hq(GL n , D p -x(F n )) ifp>3. 



For 1 < p < n, and q > 0, d£ i3 (ra) = I]f =1 (-l) J+1 H q (a itP ), where 
a i)P : F*? x GL n _ p -> F* p ~ l x GL n _ p+1 , 
diag(oi, . . . ,ap,A) i-> diag(oi, . . . ,a i: . . . ,a p , f a * ^1)- 

J idz if p is odd 9 
In particular for < p < n, ai, (n) = < , so E£ {n) = for 

^' I if p is even p ' 

p < n — 1. It is also easy to see that £^ (n) = ( n ) = 0. See the proof 
of |3 Thm. 3.5] for more details. 

Let A; be a field and C' i (F n ) := Ci(F n ) <8> k. Consider the commutative 
diagram of complexes 

<- k «- C (F n ) <- C[(F n ) <- <^(F n ) <- ■•• 

where the first vertical map is zero and the other vertical maps are just 
identity maps. This gives a map of the first quadrant spectral sequences 

Ep, q (n) ® k - 8} tq (n), 

where £p q (n) => H p+q _i(GL ni k) with £ -terms 



£ p,q( n ) 



E l >q {n)®k ifp>l 
if p = 



I (ti) (>D idfc if p ^ 2 
and differentials Di„(n) = < p,<? ~" . It is not difficult to see 

p ' qK [0 if p = 1 

that E™ q ® A; = S™ q if p ^ 1, q < n and p + q < n + 1. Hence £™ = if 

p 7^ 1, 9 < « and p + g < n + 1. 
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We look at the second spectral sequence in a different way. The complex 
<- C' (F n ) <- C[{F n ) < <- C[{F n ) < 

induces a first quadrant spectral sequence £' q (n) => H p+q (GL n , fe), where 

£ 'l,q( n ) = £ p+l,q( n ) and *'l,q{ n ) = °p+l,g( n )- TllUS £ '^q( n ) = if p > 1, 

q < n — 1 and p + q < n. 

Proposition 4.1. Let n>3 and let k be a field such that (n— 1)1 E k*. Let 

the complex 

H n (F* 2 x GL n _ 2 , k) ^ H n {F* x GL n _i, k) fl„(GL n , k) -► 

6e exact, where 02 = H n (ai^) — H n {a2^) and (5^ = H n (inc). If the map 
H m (inc) : iJ m (GL m _i, fe) — ► iI m (GL m , k) is injective for m = n — 1, n — 2, 
then H n (mc) : H n {GL n -\, k) — > i/ n (GL n , fe) is injective. 

Proof. The exactness of the above complex shows that the differentials 

' , 'r,ra-r+l( n ) : ^'r,ra-r+l( n ) — * ^'o,n( n ) 

are zero for r > 2. This proves that £'o n ( n ) ~ £'o°n( n )- To complete the 
proof it is sufficient to prove that the group H n (GL n -i, k) is a summand of 
£'q n (n) . To prove this it is sufficient to define a map 

tp : H n (F* x GL n _i, k) -> ff n (GL n _i, fe) 

such that 0'} n {H n {F* 2 x GL n _2,fe)) C ker (</?). Consider the decomposi- 
tions H n (F* x GL n , fe) = 0™ =o 5i, where # = H { (F*, k) <g> i? n _,(GL n _x, fe). 
For 2 < i < n, the stability theorem gives the isomorphisms Hi(F*,k) (g) 
-ff n _i(GL n _2, k) ~ Si. Define </? : So — > i? n (GL n _i, fe) the identity map and 
for 2 < i < n, if : 5 f ~ Hi(F*,k) (g> iJ ri _ i (GL n _ 2 , fe) -» ff n (GL n _i, A:) 
the shuffle product. To complete the definition of y> we must define it 
on Si. By a theorem of Suslin j!2| 3.4] and the assumption, we have 
the decomposition fl ri _i(GL n _i, fe) ~ i?„_i(GL„_ 2 , fe) K^f_ x {F) <g> k. So 
Si ~ fe) ® ^„_i(GL„_ 2 , fe) fli(-F*, k) ® RM_ X {F) ® k. Now define 

ip : Hi(F*,k) <8 if n _i(GL n _ 2 , fe) — > i/ n (GL n _i, fe) the shuffle product and 
V? : Hi(F*, fe) (8) K^_i{F) -> iT n (GL n _i, fe) the composite map 

^(F*, fe) ® ^(F) fe X i/x(F*, fe) ® i^ n _x(GL n _i, fe) 

^> #„(F* x GL n _ l5 fe) ^> ff n (GL n _i,fc), 

where / = — ^(id ® ^n-l)> 5 is the shuffle product and h is induced by the 
map F* x GL ra _i — > GL n _i, diag(a, A) i— > aA By the Kiinnuth theorem we 



HOMOLOGY OF SL n AND GL„ OVER AN INFINITE FIELD 11 

have the decomposition 

To = i? n (GL n _2, k), 

Ti = e™ = i Hi(F*,k) ® Hn-iiGLn-2, k), 

T 2 = ©r=i Hi(F^k) © i?n-j(GL n _ 2 , fe), 

T 3 = #i(F*, fc) ffi(F 2 *, fe) ff n _ 2 (GL n _ 2j k), 

Ta = © l+j > 3 fliCi?, k) © Hj(F£, k) © ffn-i-i (GL n _ 2 , fc). 

By lemma ESI T 3 = Tg © Tg , where 

Tg = #i(F*, fc) © H\{F%, k) © #„_ 2 (GL rt _ 3 , fc), 
Tg = Hi(F£, k) © tf^F*, fc) © K*i 2 (F) © fc. 

It is not difficult to see that t>'i in (T © T x © T 2 © Tg © T 4 ) C ker(^). Here one 
should use the stability theorem. To prove d'\ n (Tg') C ker(<y9) we apply 1^31 

Q'{ >n (a®b® {ci, . . . ,c n _ 2 }) 

( X\rh — 3 / 

= ~ (n-3)! ( fe ® c (diag(a, 7 n _ 2 ), diag(l, Ci |Tt - 2 ), ■ • • , diag(l, C n _ 2iT1 _ 2 )) 
+a © c(diag(6, I n -2), diag(l, Ci jT1 _ 2 ), . . . , diag(l, C n _ 2 ,n-2))) 

= (^=2yr( fo(g) [ci, • • • ,Cn_ 2 ,a] + a© [ci, . . . > <v-2,&], 

-6 © c(diag(Ci jn _ 2 , 1), . . . , diag(C n _ 2 ,n-2, 1), diag(al„_ 2 , 1)) 
-a © c(diag(Ci )n _2, 1), . . . , diag(C n _2,n-2, 1), diag(W n _ 2 , 1))) • 

Therefore D'\ n (a ©> b © {c±, . . . , c n _ 2 }) = x%) € Tg © Tg', where 

x i = -■(^r27T(^©c(diag(Ci in _2),...,diag(C n __ 2 ,n-2),diag(a/ n „2)) 

+a © c(diag(Ci, n _ 2 ), . . . , diag(C„_2, n -2), diag(6/ n _ 2 ))) , 
X2 = (-l) n ~ 2 (b®{ci,..., c n - 2 ,a} + a © {ci, . . . , c n _ 2 , &}) . 

We have 0(xi) = — r^m y, where 

y = c(diag(6, J n _ 2 ),diag(l,Ci )n _ 2 ), • • • , diag(l, C n _ 2 ,„-2), diag(l, al n _ 2 )) 
+c(diag(a, I n _ 2 ), diag(l, Ci, n _ 2 ), • • • , diag(l, C n _ 2in _ 2 ), diag(l, bI n - 2 )) 

and 0(x 2 ) = n ix \ n l 2)l z = (^^, where 
z = 

c(diag(6/ n _i),diag(Ci in _ 2 , 1), • • • , diag(C n _ 2 ,n-2, 1), diag(a/ n _ 2 , a _(n ~ 2) )) 
c(diag(a/ n _i), diag(C 1>n _ 2 , 1), . . . , diag(C n _2,„- 2 , 1), diag(W n _ 2 , b'^-^)) 



= c(dia 


e(bi n . 


_i),diag(Ci in _ 2 


,1),. 


. . , diag(C n . 


-2,n-2 


, l),diag(o/ n _2,a)) 




+c(diag 




.i),diag(Ci >n _ 2 , 


1),.. 


. , diag(C n _ 


-2.n-2) 


l),diag(/„_2,a _(n_ 




+c(diag 




-i),diag(C lin _2, 


1),.. 


. , diag(C n _ 


-2,n-2j 


l),diag(W n _ 2 ,&)) 




+c(diag 




-i),diag(C 1)n _ 2i 


1),.. 


• , diag(C n _ 


-2,n-2) 


l),diag(J n _ 2 ,6-( n - 
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Hence 4>{ x 2) = (n-2)\ z ' ■> wnere 
z' = 

+c(diag(6/ n _i), diag(Ci jn _2, 1), . . . , diag(C n _ 2 ,n-2, 1), diag(I n _ 2 , a)) 
+c(diag(al„_i), diag(Ci in _ 2 , 1), • • • , diag(C n _ 2jn _ 2 , 1), diag(J n _ 2 , &)) 
= c(diag(6/„_2, 1), diag(Ci in _ 2 , 1), . . . , diag(C n _ 2 , n -2, 1), diag(/ n _ 2 , a)) 
+c(diag(I„_ 2 , b), diag(Ci jn _ 2 , 1), . . . , diag(C„_ 2jn _ 2 , 1), diag(J n _ 2 , a)) 
+c(diag(al„_2, 1), diag(Ci in _ 2 , 1), . . . , diag(C„_ 2>n _ 2 , 1), diag(J n _ 2 , b)) 
+c(diag(I„_ 2 ,a),diag(Ci in _2, 1), • • ■ , diag(C n _ 2i „_ 2 , 1), diag(I n _ 2 , 6)) 

= -y- 

Therefore y>(x2) = ( w ~ 2 )i z ' = — ( n ~ 2 )i ^ = ~~ fipx)- This completes the proof 
of the fact that d'\ n (H n (F* 2 x GL„_ 2 , k)) C ke%). □ 

Thus it is reasonable to conjecture 
Conjecture 4.2. Let (n — 1)! G k* and let n > 3. Then 

H n (F x GL n _ 2 , k) H n (F* x GL n _i, k) H n {GL n ,k) -> 0, 
is exact. 

Corollary 4.3. Let (n— 1)! G k*. If Conjecture ^. i\ is true for alln > 3, then 
H n (mc) : H n (GL n —i,k) — » H n (GL n ,k) is injective for all n. In particular 
if k = Q, i/ien Conjecture ^. jj| implies Suslin's Injectivity Conjecture. 

Proof. This follows immediately from Proposition 14.11 □ 

Remark 1. (i) The surjectivity of /^j^ is already proven by Suslin |12j . 

(ii) The conjecture is proven for n=3 in [HJ Prop. 2. 5] and we prove it in 
this note for n = 4. 

(iii) A similar result is not true for n = 2, that is 

fl(2) fl (2) 

H 2 {F* 2 x GL ) ^ F 2 (F* x GLi) ^ F 2 (GL 2 ) -> 

is not exact. In fact 

ker(/3{ 2) )/ im (^ 2 } ) - (x A (x - 1) - x ® (x - 1) : x G F*} 

is a subset of # 2 (F*) (F* ® F*%, where (F* ® F*% = (F* ® F*)/(a ® 
6 + 6®a:a,6G F*}. To prove this let Q(F) be the free abelian group with 
the basis {[x] : x G F* - {1}}. Denote by p(F) the factor group of Q(F) 
by the subgroup generated by the elements of the form [x] — [y] + [y/x] — 
[(1 — x _1 )/(l — y~ 1 )] + [(1 — x)/(l — y)]. The homomorphism ip : Q{F) — > 
F* (g> F* , [x] i— > x (g> (x — 1) induces a homomorphism p(F) — > (F* (g> F*) a , 
US 1.1]. By H3 2.2], F| (2) ~ p(F). It is not difficult to see that the 
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Ep (2)-terms have the following form 

* * 

El 2 {2) * 

* 

p(F) * . 

An easy calculation shows that £? >2 (2) C H 2 (F*) © (F* <g>F*) a . By [TJ 2.4] 
4o(2) : El fl {2) -> £^(2) ~ ^ 2 2 (2) is defined by 4 (2)([x]) = x A (x — 
1) — x <S> (x — 1). Because the spectral sequence converges to zero we see 
that d^ (2) is surjective and so Ef 2 (2) is generated by elements of the form 
x A (x - 1) - x ® (a - 1) G ^(i 7 *) © © i 7 *)^ 

5. Homology of GL 4 
Lemma 5.1. £^g(4) is trivial for < p < Q. 

Remark 2. Lemma f5. II gives a positive answer to a question asked by Dupont 
for n = 3 (see [H3 4.12]). 

Lemma 5.2. £^(4) is trivial for < p < 5. 
Lemma 5.3. £-2 2 (4) is trivial for < p < 4. 
Lemma 5.4. £p 3 (4) is trivial for < p < 3. 

The proof of these lemmas is lengthy calculation. We prove them in the 
next section. 

Theorem 5.5. The complex 

H A {F* 2 x GL 2 ) A H 4 {F* x GL 3 ) % # 4 (GL 4 ) -» 

is exact. 

Proof. This follows from 15.11 15.21 15.31 15.41 and the fact that the spectral 
sequence converges to zero. □ 

Theorem 5.6. (i) //char(fc) + 2,3, then H 4 (GL 3l k) H^GL^k) is 

injective. 

(ii) If F be algebraically closed, then if 4 (GL 3 ) -ff 4 (GL 4 ) is injective. 

Proof, (i) This follows fromE3 Thm. 4.2] and ED 
(ii) Since F is algebraically closed, H2(F) and K 2 I {F) are uniquely divisi- 
ble, so Torf(F*,H 2 (F*)) = Torf(F*,K^(F)) = 0. Also from tf 2 (GL 3 ) ~ 
ff 2 (GL 2 ) = H 2 {F*)®K 2 M {F) one sees that Torf (F*, H 2 (GL 3 )) = 0. There- 
fore by the Kiinneth theorem 

H A (F* x GL 3 ) ~ ®t=o H i( F *) ® ^4-,(GL 3 ), 

H A (F* 2 x GL 2 ) ~ © < i+i <4^(^T) ® fli(^) ® ^4-i-i(GL 2 ). 
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Now the proof of the claim is similar to the proof of 14.11 using the fact 
that H 2 (mc) : # 2 (GLi) -» H 2 (GL 2 ), H 3 (mc) : H 3 (GL 2 ) # 3 (GL 3 ) are 
injective [HI Thm. 4.2]. The only place where we need a modification is the 
definition of the map /. First we define 

i/ 3 : Kl*(F) - tf 3 (GL 3 ), {a, 5, c} ^ [a 1 ^, &j c ]. 

This map is well defined as K^ 1 (F) is uniquely divisible. Set / := id ® u'3 : 
® K$*(F) fl"i(J?*) <g> # 3 (GL 3 ). The rest of the proof can be done 
similar to the proof of 14.11 We leave the detail to the reader. □ 

Example 1. F 4 (inc) : F 4 (GL 3 (R),Z[±]) -» # 4 (GL 4 (R),Z[i]) is injective. It 
is well-known that = ({-1,-1,-1}) © V, where ({-1,-1,-1}) is 

a group of order 2 generated by {—1,-1,-1} and V is a uniquely divisible 
group. So the proof of our claim is similar to the proof of Theorem 15 .61 (We 
invert 2 in the coefficient ring in order to eliminate the 2-torsion elements 
that appear in the decomposition of H^{F* x GL 3 ) and H±(F* 2 x GL 2 ). 
This might not be necessary.) 

Corollary 5.7. (i) //char(fc) ^2,3, then 

-» # 4 (GL 3 , fe) -» if 4 (GL 4 , fc) -► K^(F) ® fc -> 0. 

is splii exact. 

(ii) 7/ -F is algebraicly closed, then 

-» tf 4 (GL 3 ) -» ff 4 (GL 4 ) -> Kf(F) -» 0. 

is sp/ii exact. 

Proof. The part (i) follows from 15.61 Suslin's exact sequence (see the in- 
troduction). For part (ii) we also need to know that K^(F) is uniquely 
divisible. It is easy to see that a splitting map can be defined by 

{a,b,c,d} 1 — > —-\a,b,c,d], {a,b,c,d} 1— > [a -1 / 6 , b, c, d], 
6 

respectively. □ 
Proposition 5.8. (i) 7/char(/c) / 2,3, i/ien 

-» H 4 (SL 3 ,k) F * -► i/ 4 (SL 4 ,fc)F* -» Kf(F)®k^ 0. 

is splii exact. 

(ii) 7/-F is algebraically closed, then 

-» ff 4 (SL 3 ) -> i? 4 (SL 4 ) -» iff(F) -» 0. 

is spli£ exact. 

Proof. The first part follows from !5 . 7l 12 . 31 and 12 .41 For the proof of (ii), as in 
the proof of 12.41 it is sufficient to prove that the canonical map -£f 4 (SL 3 ) — > 
77 4 (GL 3 ) is injective. For this we look at the Lyndon-Hochschild-Serre spec- 
tral sequence 

E 2 m = H p (GL 3 ,H q (^ F )) =► H p+q (F* x SL 3 ) 
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obtained from the extension 1 — > fj, 3j p — > F* x SL3 3- GL3 — > 0, where 
7 3 (a,A) := aA. It is well-known that Hi(F*), K t M {F) and K t (F) are di- 
visible Prop. 4.7], _2, 1.2], [H]- The Hurewicz map K^F) -> #;(SL) 
is isomorphism for i = 2, 3 (see |13l 5.2] or |101 2. 5]). Since SGL + ~ 
BF* x 13, 5.3], one can see that ffj(GL 3 ) is divisible for 1 < i < 3. 

Therefore the i? 2 -terms of the spectral sequence are of the following form 

Z/3Z 



Z/3Z Z/3Z * 



Z/3Z Z/3Z * 

Z ffi(GL 3 ) # 2 (GL 3 ) # 3 (GL 3 ) # 4 (GL 3 ). 

An easy analysis of this spectral sequence shows that 

^3(73) : H 3 {F* x SL 3 ) -» # 3 (GL 3 ) 

is surjective with the kernel of order dividing 9. By the Kiinneth theorem 

H 3 (F* x SL 3 ) ~ H 3 (SL 3 ) F* ® tf 2 (SL 3 ) i? 3 (^*)- 

Let £ G -F* be the third root of unity, that is £ 3 = 1 and £ 7^ 1. If we use the 
bar resolution C*(G) to define the homology of a group G (see jU p. 36]), 
one can see that x(£) ■= [£l£l£] + [£l£ 2 |£] £ #3(F*) has order 3. In fact in 
C*(G) G (G = F*) 

d^mim + m 2 \m + mm 2 ] + if\m 2 m = mo- 

In a similar way we can define x(Ch) G ^3(SL 3 ) and x(£I 3 ) G i/ 3 (GL 3 ). 
Now it is easy to see that H 3 (7 3 )(x(£I 3 ), 0, 2%(£)) = 0. Therefore the kernel 
of #3(73) is not trivial. Thus a! 2 or d\ is trivial. In either case this implies 
that 

H 4 (F* x SL 3 ) - # 4 (GL 3 ). 

is injective. Therefore H^(SL 3 ) — » i?4(GL 3 ) is injective. 

To give a splitting map one should note that in .f/^GL^), [a, 6, c, d] is 
equal to 

c(diag(a, 1, a -1 , 1), diag(&, ft -1 , 1, 1), diag(c, 1, c _1 , 1), diag(d, d, d, d~ 3 )). 

We name this new version of [a, b, c, d] by [[a, b, c, d]]. Then [[a, b, c, d]] G 
-^(SL^) and a splitting map can be defined by 

{a,b,c,d} --[[a,b,c,d\], {a,b,c,d} i-» [[a~ 1/6 ,b,c,d}}, 
respectively. □ 

Corollary 5.9. (i) If char(fc) 7^ 2,3, then Ki(F) md <g> k embeds in the group 
H A {SL 3 ,k) F *. 



(ii) If F is algebraically closed, then K4(F) md embeds in H^SL 



3 
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Proof, (i) This follows from 15 . fil and 12 . 4l Part (ii) can be proven in a similar 
way using the facts that the Hurewicz map iT 4 (F) — > #4(814) is injective 
[2 Thm. 7.23] and 

-► K 4 M (F) K 4 (F)^K A (F) ind -» 

is split exact, for K^(F) [21 1.2] and K^{F) are uniquely divisible. □ 

6. Proof of lemmas IP1 IP1 IOI [5~H 

In this section we will assume that n = 4. For simplicity we will write 
Ep in place of F* (4) and so on. By H q (v) we mean i? 9 (StabGL 4 (^))- Here 
we look at F* ~ H\(F*) as an abelian group with multiplicative structure 
or as an abelian group with additive structure, depending on the context. 
This shall not cause any confusion. Note that under the isomorphism F* — > 
Hi(F*) we have 1h>0 and a -1 1— > —a. 

To prove the lemmas 15.11 15.21 15.31 and 15.41 we need to describe Ep q for 
p = 3,4, 5. Let Wi G £> 2 (F 4 ), m G £> 3 (F 4 ) and u< G Z) 4 (F 4 ), where 

w>l = (( e l), ( e 2), (e3», ^2 = ((ei), (e 2 ), (ei + e 2 )), 

«i = «ei>, (e2), (e3), (e 4 )), « 2 = ((ei), (e 2 ), (e 3 ), (ei + e 2 + e 3 }), 

^3 = ((ei), (e 2 ), (e 3 ), (ei + e 2 )), u 4 = ((ei), (e 2 ), (e 3 ), (e 2 + e 3 )), 
U5 = ((ei), (e 2 ), (e 3 ), (e x + e 3 )), u 6 = ((ei), (e 2 ), (ei + e 2 ), (e 3 )), 
U7,a = ((ei), (e 2 ), {e\ + e 2 ), (ei + ae 2 )), a G F* - {1}, 

«i = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 }) 

^ 2 J ' fc = ((ei), (e 2 ), (e 3 ), (e 4 ), (e* + ej + e k )), 1 < % < j < k < 4, 

V 3 J = (( e l) 5 ( e 2), (e 3 ), (e 4 ), (ej + e 3 -)), 1 < i < j < 4, 

v 4 = ((ei), (e 2 ), (e 3 ), (ei + e 2 + e 3 ), (e 4 )), 

^5,a,6 = ((ei), (e 2 ), (e 3 ), (e x + e 2 + e 3 ), a,b £ F*,a ^ 1 

(ei + ae 2 + 6e 3 }), or 6 7^ 1 

u 6,i = (( e i)' ( e 2)> ( e 3), (ei + e 2 + e 3 ), (e; + ae,-}), 1 < i < j < 3, a G F* 
= (( e i)> ( e 2)> ( e 3), (ei + ej), (e 4 )), 1 < i < j < 3, 

= (( e i), (e 2 ), (63), (ei + aej), (ei + e 2 + e 3 )), 1 < z < j < 3, a G F* 

*4',a = (( e i)' ( e 2)> ( e 3>, (ei + e,), (ej + ae,-)), 1 < i < j < 3, a G F* 

«io = ((ei), (e 2 ), (e 3 ), (e x + e 2 ), (ei + e 3 )), 

vii = ((ei), (e 2 ), (e 3 ), (e x + e 3 ), (ei + e 2 )), 

«12 = ((ei), (e 2 ), (e 3 ), (ei + e 2 ), (e 2 + e 3 )), 

«13 = ((ei), (e 2 ), (e 3 ), (e 2 + e 3 ), {e\ + e 2 )), 

via = ((ei), (e 2 ), (e 3 ), (ei + e 3 ), (e 2 + e 3 )), 

«15 = ((ei), (e 2 ), (e 3 ), (e 2 + e 3 ), (e a + e 3 )), 

«16 = ((ei), (e 2 ), (ei + e 2 ), (e 3 ), (e 4 )), 
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vn,a = ((ei), (62), (ei + e 2 ), (e 3 ), (ei + ae 2 + e 3 )), a G F* 
vi&, a = ((ei), (e 2 ), (ei + e 2 ), (e 3 ), (ei + ae 2 }) ; a G F* - {1}, 

«19 = ((ei), (e 2 ), (ei + e 2 ), (e 3 ), (ei + e 3 )), 
V20 = ((ei), (e 2 ), (ei + e 2 ), (e 3 ), (e 2 + e 3 }), 

«2i,o = ((ei), (e 2 ), (ei + e 2 ), (ei + ae 2 ), (e 3 )), a £ F* — {1}, 

«22,a,fe = ((ei), (e 2 ), (ei + e 2 ), (ej + ae 2 ), a, 6 G F* - {1}, a / 6. 

(ei + 6e 2 }), 

By the Shapiro lemma 

F 1 ^ = fl,(«i) ffi •■•®fl,(«7,o) 
El q = H q (vi) ® • • • H q (v 22) a,b)- 

So by the center killer lemma |12| Thm. 1.9], we may assume that 

El q = H q (F* 3 x GLi) © H q {F*I 2 x GL 2 ) 

and so on. Note that 

d}, q = 4,9 for P = : ' 2 ' <§Uif g (wi) = dl q , 

d l,q\H q (w 2 ) = H q (mc), d l,q\ H q (ui)) = (4,g>°)> 

§,glfl-,(«a) = 0, d\, q \H q {u 3 ) = (--ffg(inc), fl,(inc)), 

5,gltf„(ii4) = (--^g(inc),i^g(a)), e^gltf^s) = #9(7)), 
*U.ff,(«e) = (#g( mc ), ^g(inc)), d\^ q \ Hq{u7a) = 0, 

where 

a : (a, 6, 6, c) 1— > (6, 6, a, c), 
/3 : (a, 6, a, c) 1— > (6, a, a, c), 
7 : (a, 6, a, c) 1— > (a, a, b, c). 

Lemma 15.11 T/ie group is trivial for < p < 6. 

Proof. The triviality of Fg is the most difficult one, which we prove it here. 
The rest is much easier and we leave it to the readers. 
Triviality of F| . The proof is in four steps; 

Step 1. The sequence -► C*(F 4 ) G l 4 -> F*(F 4 ) G l 4 -» Q*(F 4 )GL 4 -» is 
exact, where Q*(F 4 ) := ^(F 4 )/C*(F 4 ). 
Step 2. The group # 5 (Q*(F 4 ) G l 4 ) is trivial. 

Step 3. The map induced in homology by C*(F )gl 4 — ► F*(F 4 )gl 4 is zero 
in degree 5. 

Step 4. The group F| is trivial. 

Proof of step 1. For 'i > -1, A(F 4 ) ~ Ci(F 4 ) © Qi(F 4 ). This decompo- 
sition is compatible with the action of GL4, so we get an exact sequence of 
Z[GL,4] -modules 

-> Ci(F A ) -> A(F 4 ) - Q,(F 4 ) -> 
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which splits as a sequence of Z[GL 4 ] -modules. One can easily deduce the 
desired exact sequence from this. Note that this exact sequence does not 
split as complexes. 

Proof of step 2. The complex Q*(F 4 ) induces a spectral sequence 



E l, q 



if < p < 2 

H q {GU,Q P -i(F 4 )) ifp>3 

which converges to zero. To prove the claim it is sufficient to prove that 
E\ = and to prove this it is sufficient to prove that E\ 1 = E% 2 = 0. One 
can see that 

% = H q {w 2 ) 

E\ q = H q {u 2 ) e • • • e H q (u 7>a ), 

4^ = H M j ' k ) © • • • ffi H q (v 22 ^ b ). 

It is easy to see that d\ 2 \h 2 {u 6 ) = H 2 (hxc), so it is surjective. Thus E\ 2 = 0. 
Easy calculation shows that, d € F* — {1} fixed, 

4,1 : ffi(viM) ^Ej tl , y ^ (0,y,0,0,y,-y), (1) 

4,1 : Hiiv 1 /) E\ x , y ^ (0, *, 0, y, 0, y), (2) 

4,1 ■H 1 (v 1 9 ' 2 a ) -^El tl , y^(0,0,0,0,0,y), (3) 

4,! : Htiv 2 /) -+ E\ tl , (a,b,b,c)^(0,(b,b,c,a),*,0,0,0), (4) 

4,i : #i(t>4) - #1,1, (y, 0,0, 0,0,0), (5) 

4,i : #i(^3' 4 ) -» ^4,1, (0,a,0,0) h+ (0, (a, 0,0, -a), 0,0, 0,0). (6) 

Let x = (x 2 ,x 3 ,... ,x 7 , a ) G ker(4,i)- By (0), ©, ©, ® and © we 
may assume xq = 0, x§ = 0, X7, a = 0, x$ = 0, x 2 = 0, respectively. If 

X4 = (a,b,b,c), then d^^x^) = (b, b, f ^ ^ ^) = 0. Hence 6 = and 

c = -a. Now by ®, 4,i((°> a > °» °)) = (0, 0, x 4 , 0, 0, 0) = x. Therefore 
E\ x = 0. 

Proof of step 3. Here all the calculation will take place in C*(F )gl 4 and 
D*(F 4 )gl 4 - For simplicity the image of v G C*(F 4 ) in C*(F 4 )gl 4 is denoted 
by v. Consider the following commutative diagram 

C 6 (F 4 ) GL4 -» C 5 ( j F 4 ) G l 4 -> Q(^ 4 )gl 4 

D 6 (F% U - L> 5 (F 4 ) GL4 -» £> 4 (F 4 )gl 4 . 
The generators of Cs(F 4 )gl 4 are of the form x aj ft, c with 

^a,fe, c = ((ei), (e 2 ), (e 3 ), (e 4 ), (e x + e 2 + e 3 + e 4 ), (e x + ae 2 + be 3 + ce 4 )), 
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where a, b, c G F* — {1} and a ^ b, a ^ c, b ^ c. Since C 4 (.F 4 ) <S>gl 4 Z = Z, 
^a,6,c £ ker(<9s) and the elements of this form generate ker(<9s). Hence to 
prove this step it is sufficient to prove that x a ^ )C G im^). Let 

X a ,b,c = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei+e2+e 3 +e 4 }, (ei+ae 2 +6e 3 +ce 4 ), (ei+e 2 )), 

where a, 6, c are as above. Then 

dG{X a ,b,c) = vi=b 1-6 - ««j a _ 6 + - Ui^c + Ml + x ai6jC , 

1 — c' a — c' a — 6 a — c a 

where 

= ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (e 2 + ^e 3 + /ie 4 }), 
ui = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (ei + le 2 )) 
-((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (ei + e 2 )), 

g,h,l £ F* — {1}, g ^ h. So it is sufficient to prove that t> 9i /i — and 
are in the image if $6 . Let 

= ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (ei + e 2 ), (ei + /e 2 )), 
^ = (( e i)> ( e 2), (e 3 ), (e 4 ), (ei + e 2 ), (ei + /e 2 ), (e 3 + e 4 }), 

where I e F* — {1}. Then Sfe((V| - t/j)) = uj. Set 

= ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (e 2 + #e 3 + /ie 4 ), (e 2 + e 3 )), 

where g,heF* - {l},g ^ h. Then 

de(T„ h - T P n) = -s^_ + + - s_l - z i-h + z i- q 

l-h 9-h 1-g P~9 g-h p-q 

9 P 

where 

•Sa = «ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (ei + ae 3 + e 4 }), 
= ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (e 2 + ae 3 )) 
-((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (e 2 + e 3 }), 
2/a = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 ), (ei + ae 2 }) 
+ ((ei), (e 2 ), (e 3 ), (e 4 ), (e 2 + e 3 + e 4 ), (e 2 + ae 3 )) 
-«ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 ), (ei + e 2 }) 
(e 2 ), (e 3 ), (e 4 ), (e 2 + e 3 + e 4 ), (e 2 + e 3 )). 

So to prove that v g ^ — v PA G im^) it is sufficient to prove that s a — Sb, a / b, 
z a , y a G im(d 6 ), a,b<E F* - {1}. Set 

= «ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 ), (ei + ae 2 ), (ei + e 2 }), 
Y a = (( e i)> ( e 2), (e 3 ), (e 4 ), (e 2 + e 3 + e 4 ), (e 2 + ae 3 ), (e 2 + e 3 }). 

Then y a = ds(Y a + Y£) — 2de(Vi). To prove that z a G im(9 6 ), set 

a 

= ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (e 2 + e 3 ), (e 2 + ae 3 )). 
By an easy calculation z a = de(V a ) — d%{Z a ). If 
S a = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (ei + ae 3 + e 4 ), (ei + e 4 }), 
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then de(S a — S&) = R_l i_ + s a — s&, where, a, b € F* — {1}, a / 6 and 

1— a ' 1— & 

Ra,b = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 4 ), (ei + ae 2 + e 4 }) 
-((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 4 ), (ei + be 2 + e 4 }) 
-((ei), (e 2 ), (e 3 ), (e 4 ), (e 2 + e 3 + e 4 ), (e 2 + ae 3 + e 4 )) 
+((ei), (e 2 ), (e 3 ), (e 4 ), (e 2 + e 3 + e 4 ), (e 2 + 6e 3 + e 4 }). 

Thus to prove that s a — s& € im(9e) it is sufficient to prove that R ab £ 
im^)- Let 

Qa = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 4 ), (ej + ae 2 + e 4 ), (ei + e 4 )) 
-((ei), (e 2 ), (e 3 ), (e 4 ), (e 2 + e 3 + e 4 ), (e 2 + ae 3 + e 4 ), (ej + e 4 }), 

^a.fe = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 4 ), (ei + ae 4 }) 
-((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 4 ), (ei + &e 4 }), 

Pa = ((ei), (e 2 ), (e 3 ), (e 4 ), (e 3 + e 4 ), (ae 3 + e 4 }). 

Then <9 6 (Q a - Q b ) = _j_ + P^_ + P_i_ + iC 6 . If 

l-a'l-b l-o 1-6 

Oa,6 = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 4 ), (ei + ae 4 ), (e 2 + e 3 )) 
-((ei), (e 2 ), (e 3 ), (e 4 ), (e x + e 4 ), (ei + &e 4 ), (e 2 + e 3 )), 
M a = ((ei), (e 2 ), (e 3 ), (e 4 ), (e 3 + e 4 ), (ae 3 + e 4 ), (ei + e 2 }), 

then d§{O a ^) = ^0,6 an d ^(^o) = -fa- This completes the proof of step 3. 
Proof of Step 4. writing the homological long exact sequence of the short 
exact sequence obtained in the first step, we get the exact sequence 

H 5 (C,(F A ) GU ) -> H 5 (D*(F% U ) - H 5 (Q*(F% U ). 

By steps 2 and 3, H 5 (D*(F*) GU ) = 0, but P 6 2 = H 5 (D*(F 4 ) GU ). This 

completes the proof of the triviality of Eq . □ 

Lemma 15.21 Ez -^(4) is trivial for < p < 5. 

Proof. The case p = 5 is the most difficult case and we show that Eli (4) = 0. 
We leave the rest to the reader. Let x = (x\, . . . , x 22i(lj0 ) £ ker(c?5 x ). Set 

V22,o,6 = ((ei), (e 2 ), (e 3 ), (ei + e 2 ), (ei + ae 2 ), (ei + 6e 2 }), 
where a, 6 G F* — {1}, a ^ b. Then 

~1 1 2 

d 6)1 : -Hi(V22,a,&) -> ffi(f 9 ' fl /) © Hi(v 2 2,a,b)-, V >-» (*,y)- 

So x - (4,i( x 22,a,b) = (x' l5 . . . ,x' 21a , 0). So we may assume x 22iQi b = 0. In 
a similar way we may assume x§ A £ = Xg J a = x$ 3 a = Xg J a = xxo = xxx = 

1 2 

X12 = x\3 = xu = X15 = X19 = xi7 ia = x 20 = x 7 ' = x 1G = 0. Choose 
a,b e F* — {1}, a ^ b and set 

i v Y = (( e i)' ( e 2); ( e 3), (e 4 ), {e\ + e 4 ), (e 2 + ae 4 )), 
2^7 3 = (( e i)' ( e 2), ( e 3), (ei + e 3 ), (e 4 ), (ei + ae 3 )), 
2^ 7 ' 3 = ((ei), (e 2 ), (ei + e 2 ), {ex + ae 2 ), (e 3 ), (ei + be 2 }), 
3^7 3 = (( e i)' ( e 2)> ( e 3), (e 2 + e 3 ), (e 2 + ae 3 ), (e 2 + 6e 3 )). 
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Then 

4,1 : ©i=l ^1(4'') © #l(«7 3 ) © ^l(«18,a) © ffl(v21,a), 

((a, 6, c, 6), -(6, c, 6, a), -(6, 6, c, a), (a, 6, 6, c)) i-> (*, (6, c, 6, a), *, *). 

So we may assume x^' 3 = 0. If 

i^2' 2 ' 3 = (( e i) 5 ( e 2) 5 ( e 3>, (e4), (ei + e 2 + e 3 )), (ei + e 2 )), 
2^2' 2 ' 3 = (( e i)> ( e 2) 5 ( e 3>, (e4), (ei + e 2 + e 4 )), (ei + e 2 )), 

then 

4,1 = 2 =i^2' 2 ' 3 - ^(v 1 /) ©^i(^ 2 ' 2 ' 3 ) ®H l {v 1 f>% 

((a, a, a, 6), (a, a, 6, a)) i— > ((2a, 2a, a + 6, a + 6), —(a, a, a, 6), (a, a, 6, a)). 

So we may assume x 2 ' 2,3 = 0. In a similar way we may assume x 2 ' 3 ' 4 = 

13 4 12 13 

x 2 ' ' = x 7 ' = x 7 ' = xiq = xis ta = 0. Therefore we reduce x to 

/ 1,2,4 i,j 2,3 \ i / 71 \ 

x = (xi,x 2 ' ,x 3 J ,x 4 ,x 7 ' ,x 2 i,o) e ker(d 5il ). 

Set 

xi = (a", a", a", a"), x 2 ' 2 ' 4 = (s, t, s, s), x 3 ' 2 = (a , a , 6 , c ), 

13 14 2 3 

x 3 ' = (ai,6i,ai,ci), x 3 ' = (a 2 , b 2 , c 2 , a 2 ), x 3 ' =(03,63,03,03), 
x 2,3 = (04,64,04,64), x 3 ' 4 = (05,65,05,05), x 4 = s',s',s',t'), 
X2i, a = {a',a',b',c'). 

Since d\ 1 (x) = 0, one gets x 2 ' 3 = 0, a' = 0, d = —6', s = —s', t = —t', 
Ql = 63 = 64. Let aeP - {1} and fix d € F* - {1}. If 

V 2 i, a = ((ei), (e 2 ), (ei + e 2 ), (ei + ae 2 ), (e 3 ), (e 4 )), 

F 4 = ((ei), (e 2 ), (e 3 ), (ei + e 2 + e 3 ), (e 4 ), (ei + e 2 + de 3 )), 

^2 1,2 ' 4 = (( e i)> ( e 2), (e3), (e 4 ), (ei + e 2 + e 3 ), (ei + e 2 + de 3 )), 

then 

4,1 = #1(^21,0) - ^i(«2i,a), (0,0, -^O) ^,(0,0, 6', -6'), 
4 ;1 : #i(F 2 ' 2 ' 4 ) #i(F 4 ) -> tfi(« 2 ' 2 ' 4 ) © ffi(« 4 ), 

((s,s,s,t), (s,s,s,t)) ' ^ (-(s,s,t,s), (s,s,s,f)). 

12 4 

So we may assume x 4 = x 2 ' ' = x 2 \, a = 0. Let 

V = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (e 2 + 6e 4 )). 

Then 4,i : H X {V) -► #i(«i) © tfi^' 3 ) © #i(v 2 ' 3 ) © ^i(w 3 ' 4 ), where y = 
(a, a, a, a) 1— > (y, y, y, y). In this way we may assume a\ = 63 = 6 4 = 0. In a 
similar way we may assume ao = 05 = 0. If 

Vi = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 + e 4 ), (ei + 6e 4 )), 
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then 4 ;1 : ffi(Vi) -> #1^1) #i(^' 4 ), 2/ = (a", a", a", a") -> (-y,y). So 

n tu C 1> 2 1,3 1,4 2,3 2,4 3,4n , 

we may assume x\ = 0. thus x = (x 3 ,x 3 ,x 3 , x 3 ,x 3 ,x 3 ), where 

X3' 2 = (0,0, 6 , c ), X3' 3 = (0,6i,0, ci), X3' 4 = (a 2 ,6 2 ,a 2 ,c 2 ), 
x t ,S = («3, 0, 0, c 3 ), X3' 4 = (a 4 , 0, c 4 , 0), X3' 4 = (a 5 , 65, 0, 0). 

From 4 1 (x) = 0, we have the following relations 

h + 62 + (13 - «4 + 05 = 0, 26i + c 2 - c 4 + 65 = 0, 

6 + 2ci + a 2 = 0, c + ci + c 3 = 0, 

Co - b - ci + c 3 = 0, 6 - Co - bi + a 3 = 0, 

-03 + a 4 - 65 - a 5 = 0, -c 3 + c 4 - a 5 - 65 = 0, 

-61 + 6 2 - c 2 + c 4 = 0, — ci + c 2 - 6 2 + a 4 = 0. 

Set 

^(4^) = ifi^- 2 ) © ifi(^' 3 ) © #i(^' 4 ) e ^i(4' 3 ) © #i(« 3 ' 4 ) © #i(^' 4 )- 

Let 

Wi = ((ei), (e 2 ), (e 3 ), (ei + e 2 + e 3 ), (e 4 ), (e 2 + e 4 )), 
W2 = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 4 ), (e 2 + e 4 )), 
^3 = «ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 3 + e 4 ), (ei + e 4 )), 
W 4 = ((ei), (e 2 ), (e 3 ), (e 4 ), (e 2 + e 3 + e 4 ), (e 2 + e 4 )), 
^5 = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 3 + e 4 ), (e 3 + e 4 )), 
W 6 = ((ei), (e 2 ), (e 3 ), (e 4 ), (e 2 + e 3 + e 4 ), (e 3 + e 4 )). 

Then 4,i : #i(Wi) © Jfi(W 2 ) © #i(F 4 ) © tfi^ 1,2,4 ) ~» H^vtf), where 

((0, 0, 0, c 3 ), (0, 0, c 3 , 0), (0, 0, 0, c 3 ), (0, 0, 0, c 3 )) ^ 

((0, 0, 0, c 3 ), -(0, c 3 , 0, 0), (0, c 3 , c 3 , 0), -(0, 0, 0, c 3 ), -(0, 0, c 3 , 0), 0) 

and ©? =3 i/i(Wi) -► #i(v 3 J ), where 
((0, a 3 , 0, 0), (a 3 , 0, 0, 0), -(0, a 3 , 0, 0), -(a 3 , 0, 0, 0)) » 

(0, (0, a 3 , 0, 0), (0, a 3 , 0, 0), (a 3 , 0, 0, 0), (a 3 , 0, 0, 0), -2(a 3 , a 3 , 0, 0)). 

2 3 

So we may assume a 3 = c 3 = 0,that is x 3 ' = 0. From the above equations 
we have a 4 = — c 4 = 05 — 65. Let 

i^ 3 4 = «ei), (e 2 ), (e 3 ), (e 4 ), (e 1 + e 3 ), (ei + ae 3 )), 
i^ 3 ' = (( e i); ( e 2>, (e 3 ), (e 4 ), (e 2 + e 4 ), (e 2 + ae 4 )), 
i^3 4 = (( e i)> ( e 2>> ( e 3), (e4>, (e2 + e 3 ), (e 2 + ae 3 )), 
i^3 4 = (( e i)> ( e 2)> ( e 3), W), (e 3 + e 4 ), (e 3 + ae 4 )), 

Under the map 4,i = 4 =i H id V 3 A ) ~* H i( v 3 j ) we have 
((0, 6, 0, c), (c, 0, 6, 0), (6, 0, 0, c), -(6, c, 0, 0)) - 

(0, 0, (0, 6, c, 0), 0, (6 - c, 0, c - 6, 0), -(c, 6, 0, 0)). 
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2 4 

So we may assume 04 = C4 = 0, that is x 3 ' = 0. If 

^s 3 ' 4 = (( e i)' ( e 2)> ( e 3), (e4), (ei + e 2 ), (e 3 + e 4 )), 
then for Hi(V^' 4 ) — > Hi(v^ 3 ) we have 

(a, a, 0, 0) 1 ^ (-(a, a, 0, 0), (a, a, 0, 0), 0, 0, 0, 0). 

So we may assume 05 = 65 = 0, that is x 3 4 = 0. Therefore 61 = —c\ = 
b 2 - c 2 = b - cq. Let 

W 7 = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 ), (ej + e 3 )), 
Ws = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 3 + e 4 ), (ej + e 4 }), 
W 9 = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 2 + e 3 ), (ej + e 2 )), 
WlO = ((ei), (e 2 ), (e 3 ), (e 4 ), (ei + e 3 + e 4 ), (ei + e 3 }). 

Then under the map d\ 1 : ©J£ 7 -H"i(Wi) — > Hi(v^ J ) we have 

*1 := ((0, 0, 0, a), -(0, a, 0, 0), -(0, 0, 0, a), (0, a, 0, 0)) h- 

(-(0, 0, 2a, a), (0, -a, 0, a), (0, -a, a, 0), 0, (-a, 0, a, 0), (a, 2a, 0, 0)). 

lfz 2 = ((0, 2a, 0, a), (a, 0, 2a, 0), (2a, 0,0, a), -(2a, a, 0,0)) G © 4 =1 ffiGV?' 4 ), 
then 4,i (21 + 22) = (-(0,0,2a,a),(0, -a, 0, a), (0, a, 2a, 0), 0, 0, 0). So we 
may assume b\ = c\ = 0. Thus a 2 = c 2 = and 60 = cq = — a 2 . If 
V 3' 2 = (( e i)' ( e 2)> ( e 3), (e4>, (ei+e 4 ), (e 2 +e 3 )), then under d\ x : Hi(V 3 ' ) -» 
H x {v^) we have (6p,0,0,6 ) -> ((0, 0,b , b ), 0, -(6 , 0, 0, b ), 0, 0). This 
proves that x G im(dg x ), and therefore i?f x (4) is trivial. □ 

Lemma 15.31 E£ 2 *s trivial for < p < 4. 

Proof. The difficult case is p = 4. Let x = (xi, . . . , x 7ja ) G ker(d4 2 ). Con- 
sider the following maps 



d 1 

"4,2 


H 2 (v 18 , a ) 


-> # 2 (u 3 ) e ff 2 («6) e H 2 (u 7 , a ), 


y h 


-> (y,y, 


-y) 


d l 

"4,2 




-» H 2 (u 7>a ), 








d 1 
"4,2 


# 2 (^' 3 ) - 


-» F 2 («i) fl" 2 («3) © #2(1*5), 


y H 


-> (*,*, 


y), 


d 1 

"4,2 


^ 3 2 ' 3 ) - 


-» f 2 («i) e fl" 2 («3) © ^2(1*4), 


y H 


&/,*> 


-y) 


J 1 
"4,2 


ff 2 (« 4 ) -» 


fl- 2 (ui)©fl- 2 (U2), 


y H 


-> (0,2/) 





So we may assume X6 = X7, a = X5 = x 3 = x 2 = 0. Hence x = (xi,X4) G 
H 2 (u 1 ) @H 2 {u A ). Let H 2 (u x ) = H 2 (F* 3 x GLi) = T { and ff 2 (u 4 ) = 

H 2 {F*I 2 x F* x GL 2 ) = ©^ n T,, where 



7i = 




T 2 = 


= H 2 {F*), 


T3-- 


= # 2 (F 3 *), 


T 4 = 


= # 2 (F 4 *), 


r 5 = 


Ff 


n-- 


= F?®F$, 


T 7 ~- 


= F{®FZ, 


T 8 = 


= J F 2 *®F 3 *, 


T 9 = 


F 2 * (g)F 4 *, 


T10 


= F*®F%, 


T u 


= H 2 (F*), 


T12 


= H 2 (F*I 2 ), 


Ti 3 = 


= #2 (GLi), 


T u 


= F* <g>F*/ 2 , 


2l5 


= F* ® GLi 


3l6 


= F*I 2 ® GLi 
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Set x = (xi, x±) = (zi, . . . , z\q) with Z{ 6 Tj. We look at the maps 

16 

4,2 = #2(^' 2 ) = #2(^2 x F* x GLi) 

i=l 

(yi, 2/2, 2/3, 2/4, 3/5) J/e) !-» (?/i) 2/1, 2/2, 2/3,0, y 4 , y 5 , 2/4, 2/5, y 6 , 0, 0, 0, 0, 0, 0). 

and 

16 

d\ 2 : H 2 (v Z 3 A ) = H 2 {F* x F* x F*I 2 ) - 0T<, 

i=i 

(y, ?/', 0) h- (0, 0, 0, 0, y, y\ y', 0, 0, 0, 0, 0, 0, 0, 0, 0). 

where # 2 (t> 3 ' 4 ) = H 2 (F* x F* x F*I 2 ) = F{ ® F 2 * (8) F*/ 2 S. So we 
may assume Z2 = z 3 = Z4 = z§ = zg = zm = 0, 215 = zq = 0. Now easy 
computation shows that 

-z\ - Zll = 0, -z 12 = 0, -z 12 + 213 = 0, 

Z\ - 213 = 0, Z14 = 0. 

Thus Z\ = zu = z i2 = -213 = Z 14 = 0- Now it is easy to see that the rest of 
z,-'s should be zero. Thus Ej 2 = 0. □ 

Lemma 15.41 Et 3 is trivial for < p < 3. 

Proof. Let E\ 3 = 0^ Tj and 3 = 0?^ # © 5' where 

Ti = ff 3 (GL 2 ), T 2 = Hi(F?) ® F 2 (GL 2 ), T 3 = H 2 (F*) ® #i(GL 2 ), 
T 4 = ffg^i ), T 5 = Hx(F*) <g> ff 2 (GL 2 ), T 6 = ff 2 (F*) ® #i(GL 2 ), 
T 7 = fl^tf?), T 8 = Hi{F*i) <g> H 2 (F*), T 9 = H 2 (F^) ® H X (F 2 % 

T 10 = Hi(F*) ® Hi(F 2 *) #i(GL 2 ), T n = Tor f (i?i (F* ),Hi(F 2 )), 
T 12 = Tor? (Hi (F? ),H 1 (GL 2 )), T 13 = Tor? (Hi (F 2 * ) , Hi (GL 2 )) , 



and 



Si = 


= H 3 (GU) 


S 2 = Hi(FZ)d 


5^ 2 (GLi), 


S 3 = H 2 (Ft)®H 1 (GL 1 ), 


5*4 = 


~- Hs(Fi), 


S 5 = Hi(F*) d 


5fl" 2 (GLi), 


S 6 = H 2 (FZ)®Hi(GLi), 




~- H 3 (^), 


S* = Hi(F*)$ 


5 #2 (GLi), 


S 9 = H 2 (F^)^Hi(GLi), 


Sio 


= H 3 (F 3 n 


1 Sn = H\(F*) 


®H 2 (FZ), 


S 12 = H 2 (F?)®Hi(F*), 


Sl3 


= Hi(Fi*) 


®H 2 (F 3 *), 


Su 


= H 2 (F?)®H 1 (F 3 *), 


Sis 


= Hi(F*) 


^H 2 (F 3 *), 


Sw 


= H 2 (F*)®H 1 (F£), 


Sn 


= Hi(F?) 


® Hi(F 2 *) ® -ffi(GLi), S 18 


= Hi(Ff) ® Hi(F 3 *) ® ^i(GLi 


Sl9 


= H X (F*) 


®iTi(F 3 *)®#i(GLi), S 20 


= Hi(Ff)®Hi(F 2 *)®Hi(F 3 *), 


S21 


= Torf(Hi(Ft),H 1 (F*)), 


S22 


= To^(Hi(Ft),H 1 (F*)), 


S23 


= Torf(Hi(F?),Hi(GLi)), 


S24 


= Tovf(Hi(F*),H l (F*)), 


S25 


= Torf(Hi(F*),Hi(GLi)), 


S26 


= To^(Hi(F*),H 1 (GLi)), 


S' = 


= H 3 (F*I 2 


x GL 2 ). 







Note that by 8, Prop. 3.1] these decompositions are canonical. Let x = 
(xi,...,x 2 6,x') € ker(4 i3 ). Consider H 3 (vi) = H 3 (F* 4 ) = 0^^. We 
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have d\ 3 : S\ 7 —> Sn © Si$ © S 20 and d\ 3 : Sig — > S w © S 20 given by 

a © b © c 1— > (—a ©6©c, o©c©a + a©c©6, —a © b © c) 
a©6©ci-^(a©6©c, — 6 © c © a — a © c © 6 — a © 6 © c). 

repectivcely. So we may assume X17 = X20 = 0. If x\s = a± 8 © &is © cis, 
xig = ai 9 © 619 © C19, then = 4,3 ( x ) = (^1, • • • , ^13) G 0j=i ^i, where 

M \ , / 1 \ „ 

zio = -ai 8 © 0i8 © I q I + ai9 © 019 © I q Ci I = 0. 

Thus xis = x 19 . Let # 3 (u 6 ) = H 3 (F*I 2 x F* x GLi) = 0® =1 ^eA', where 

= H 3 (F*I 2 ), A 2 = H X {F*) © ff 2 (GLi), A 3 = H 2 (F*) © ffi(GLi), 
A A = H 3 (F*), A 5 = fTi(F*/ 2 ) ® #2^*), A 6 = tf 2 (F*/ 2 ) ® 

A 7 = Hi(F*I 2 ) © #i(F*) © ffi(GLi), A 8 = Torf (ffi(F*),fTi(GLi)). 

Then 4,3 : Aj — > Sig © Sig, y 1— > (y, y)- So we may assume x^s = xig = 0. 
Consider J| 3 : S 5 -> S 5 © Sg © S 13 © S 15 and d| j3 : S 6 -> S 6 © Sg © S i4 © Si6 
given by 

a©E[»M i-> (-a®X)[&|c],-X)[&|c] © a, a © EHc], a © E[°I C D 
E[d|e] © / ~ (- £[d|e] ® /, -/ © £[d|e], £[d|e] © /,£[d|e] © /), 

respectively. Thus we may assume that X5 = X6 = 0. Now easy calculation 
shows that Z4 = Z7 = xj + x 4 = 0, x 4 G S'. Using the map 

4 )3 : Ai -> S 4 © S 7 © y (-y, -y, *), 

we may assume that x-j = 0. Again consider the maps 

d 1 . 

A 2 ® A 3 ® A A ^ S 8 © S 9 © S 10 © S', (x 8 ,x 9 ,x 10 ) i-» (x 8 ,x 9 ,x 10 , *), 

d\ 3 

A 5 © A 6 -4 513 © -514 © 5i 5 © 516 © S', (x i5 , Xi 6 ) l-> (Xi 5 , Xi 6 , X15, Xi6, *). 

So we may assume xs = xg = xio = X15 = xi6 = 0. Applying the maps 

4,3 : S 25 5"22 © S24 © ^25 © #26, 2/ ^ (y, 2/, "2/, ~V) 

d\ 3 : S 24 -> 521 © S 24 © S 25 , y >-> (y, -y, 0) 

one may assume X25 = X24 = 0. Applying the map d\ 3 : A$ — > T 2 6©5', given 

by y >-> (y, *), we may assume that x 2 6 = 0. Let H 3 {u A ) = 0? =1 A © -B', 
where 

.Bi = fls(GLi), 5 2 = Hi(F*) © ff 2 (GLi), B 3 = #2^*) © #i(GLi), 
£4 = ^3^*), 5 5 = Hi(F*) © H 2 (F*I 2 ), B & = H 2 (F*) © Hi(F*I 2 ), 

B 7 = Tovf(H 1 {F*),H 1 {F*I 2 )), B 8 = Tovf{H 1 {F*),H 1 (GL 1 )), 

Using the map d\ 3 : B 8 — > ^23 © 5', y 1— > (y, *), we may assume X23 = 0. 
By easy calculation we have zs = ^11 — ^13 = 0, z 9 = x\ 2 — x\± = and 
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zu = X21 — x 22 = 0. Consider the following maps 

d\ z ■. Bi e b 2 e £ 3 e b a -» s x e s 2 e s 3 e s 4 e s", 

(xi,X 2 ,X 3 ,X 4 ) l-> (xi,X 2 ,X 3 ,X 4 , *), 

4 3 :B 5 (bb 6 ^ s u e S12 e 5 7 e 5 i4 e s', { y , y ') h-> ( y , ?/, y , ?/, *), 

So we may assume x\ = x 2 = X3 = x 4 = in = X12 = X13 = xi 4 = X21 = 
X22 = 0. This reduce x to an element of the form x = x' £ S". But the map 
4 3 : ^3(^2) = H 3 (F*I 2 x GL 2 ) -> ^,3 = ^(i 7 * 2 x GL 2 ) is injective, thus 
x = 0. This completes the proof of the triviality of -Ef 3. □ 
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